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QUESTION 1. (i) (5 points) Prove that v/35 is irrational. (Hint: You must use this technique: Deny. Then v33 = a/b
for some positive ODD integers a, b s.t. ged{a, b) = 1, now start cooking as explained in the class)

Deny; soy J55 s rahonal.
(S5 = _c_;_, abe2, b¥0, ged(ab) =I

o ond b are odd integers, kel a= 2ml b=2ntl. , mn€z

/55 = Z2mrl
2nt|

55 =z 4m? 4 bna i O g
Un2 ¢ 4 4 / /ﬁ
SS(UP? 1 Yn 1) = Lm? t 4 +]

55(Un® +4n)+ 54 = Hm?® thm

_ —_ 2
55n? + 551 + 354 = u Conmtrachction,

— Integqer
¢z '

(ii) (3 points) Prove that +/5 + /11 is irrational (Hint: You may use the result from (i)}
M"‘f' Sa-, J5 + M a Fotional .

S+ Jn = 22 aké€Z, hio, ged (aaba) =}

-]

(V5 +4m)> - (2™ /7?/%

lence JBs & irrohonal .

2
5+ 265 411 = G«
B
-5 . f ' M '
Jos = a«; —J16 . LHS is irrahonal os showa (n (), RHS s rational .
2b; 2 Contradichon. Heuce, 15+ JTT is irrahonal.

QUESTION 2. (i) (6 points)For every n 2 1, use math induction to prove that 18 | (5% — 1).
1] Prove for n=|
é i
B~ = 1562y JSI!SG?_L, i st
(Z) Assume - IS" 587} for some N3 | (_,’//
L?I Prove for n 41 :

.'
SGn C__'

.f

= 5. 56 1(/
= 58756 - g¢ 56 ‘Q)

= S‘(S""-l) + Gl

g
chiviside by divisible by L
/ 1€, as shown fIS,as Shhgwan
Ilnz-) lﬂm

Hewe 18| 5S(stn) + SE-1 = 18)5é_

L,/
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(i) (3 points) Use direct proof to show that 18 | (56" — 1), forevery n > 1.

13 = 2x3% ¢(18) = Ix223 = ¢, de(S,IS') =} i (/
E’Y Euter Fermal rasult, 5‘ = | (rmed I8 {L//’
Mulh'p|73n9 5S¢ N tmes . (56)'1 =" (mool ig) L/
567 = | (mmed 18)

-1,

gt

QUESTION 3. (i) (5 points} Use math induction to prove that 37
il Prove for n=|.
i

Hewce I‘B‘ Sén _

i=0 TS = Ty forevery n > |
n4i
=4 4L '

_ 2
2 — check ‘G20 T o0 T ‘l"_ I/
: e 30 l?_1 n :‘L- L‘ 2 -
= Teayio, 20 VT . Vren, »
: | = i) v SomE nzj e/
(2] Assume : ._2 (m Ynizo L/ 37@‘* {\ 2
for S —— \b&'b"L Wt ._.:;:;
B] Prove n+fp, 1 e O o N~
(Z1 Prove _ 3 L B e A i%—gﬁw
— : +3 n : =
Z (uq')(wS) iz (iradties) c=?
= o+ + !
4ni20 (n15Y(n 6D
= Nt + i
(7/, L (n+5) (n+S)(n+6)
i? = (Nn+r))(nig) + 4 nZ+7n 40 _ &t&(mtp(h/g) _ n+ 2" ..
: T BT Dot ol e
H(n+s) (mig) LineS)n+t) Y (n+ I e 6) 4n+ 24
Rt
Z__'____ = (n+N+1 hewn ce ;.._ [ = n+l Vn>l
S iy T e z A , > |
= L4(n+14 20 iz (i+QGS)  dnt20
(i1) (3 points)Use direct proof to show that Z‘ nm T +1u (Hint: First note that m 3 {'", - % For
e?1ch0 <i<nlety, = .-+-| .+s Now caleulate g + a; + - -+ + a,, and stare, you should obscrve something.!}
e o = ! - S a,.49 + s where o, = _| - !
I+ s s 6 ra——— : o L} ¥ ]
A el y) (if-S‘)—] (It ) (i+ )
! S I By S I $! B B L
. . - +5
izo (iI+u)(i+s) 1 S Y 3 UMOFLB n+y  0tq N
Note all terms exeept frrst oued last cancel aubk -
= ! P R . htSe-y _ N+ &
=0 (ivy)irs) Y

- 7/
(nes) H{n+s) Hn+20, //-Z"

QUESTIONQGI (33pomls) Find (265}; x (56);

¢ 5 cd ) (v 7)
X 5¢ o

Ans: (2322—?—7; @/
L0 5 4 &
(232 22)
17 07
QUESTION 5.
(3 peints) Find (1055)5 — (338)

6.1 414
t0F5
—_33¢8
S 4

(mede 9) v 9)

Ang : (élG)q

g
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QUESTION 6. (4 points) JUST WRITE T OR F !
(i) 3z € ZsuchthatVy e R, e +y =y T [/ g
(it) ¥z € Z5, 3y € Z; such that ry = 1 over planet Zg (note Z; = {1,2,3,4,5}) F %&
{iii) Yx € Zg, 3y € Z5 such that zyy = 1 over planet Zg (note Z; = {1,2,3,4.5h F L./
(iv) Az e Q suchthat 222+ 3z + 1 =0 = nok unique L/

QUESTION 7. (8 points) Let 4 = ged(98, 119). Find d over PLANET N. Then find two integers in PLANET Z, say
m, n, such that d = 98n + 119m.(Show the work)

gchQSJIQJ 9.
4 )
l a2 Iy
Qs fris— 2 a8 T S I
2 14
3cd(q8,uq)=3? e N C,/
4= 21 —iy4

= 21— (98 - 21(4))

T2 - 98+ 2u(4)
= 5(21) — q¢

= 5(n9-qg) -~ q¢
= 5(19) - g(9g)- 9%
7 = 5(ug)—6(as)

(]_:-—é m:s ,n,méz.[/

A
%
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QUESTION 8. (5 points) Find two numbers say n, m such that therc are 2018 consecutive non-prime integers, say
ay, 4z, .., 42018 » Where n < a; < m, for each I < i < 2018. Then find ay, a3, asys. (Hint: write your solution in terms

of Factoria, i.c., you may say n = 23! + 7 and so on)

For ony number x; (x)] +x, (%X)H x4 {2, . (234 2x cre CJE,Fm‘qhe"/

Dok prime . ke size q iz set is X, Since 2018 Consecwtive

ir\mﬁcrs ore i’e.?ut'ﬂlcl fet n = (H036) ! +2013

fhen a, = Yo36 ! +2013

= Hoze ! + 2019 W %

Azos = Ho36 1 t Ho36 L/"j
QUESTION 9. (i) (3 points) Solve 6x = 3 over planet Zs.

éx = 3ia Zq ged (4,9) =3 =z 3|3,
3 Sol'.
X2 X =5 x = ¢

v

(i) (3 points) Solve over planet Z, 6z = 3 (mod 9)

X= 2+9k > Xx=25+9, , x= 8+ 9y
k,,kz, [ ez . L/

QUESTION 10. (8 points) Let X be the number of females in some sport-activity at the AUS. Given

X =2{mod 4),
X =5 (med9),and X = 10(mod 11). If 0 < X < 396, then find X. (Show the work)
X =2 (mod y) xz 5 (med 9) X= 10 (mod 1)
" ™y £ M2 3 Mg
(mlmgjﬁ' maod my (n’]|M9')—' mgd I'Y!Z (I'Y',M-L)-‘ MOd M3
Wx = in Z, Hyx =} (modq) 36xz1 (wed (1)

3x 21 in 2, = 1 (med 9) 3x51 (mod 1),

& x
F3-a | =5-d ) EZUREN

X=99(3)(2) + 4y(8)s) F 36(4)(10)
= 3994 med 39¢

X - 230 ' 0<x < 39¢
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